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1.Introduction

Lvervone knows what a palindrome is. It is a text which is the same when reading forward and backward. One of the
examples is the palindrome: C is a basic™ This palindrome can be extended 1o a palindrome of unbounded length: ¢
Is 2 basic, is a basic, is g basie, .7

Palindromes in mathematics have a little bit more precise definition, Namely, each letter meluding space is
important. Lower-case and capital letters are considered as different letters. Using this definition “C is a basic™ is ol a
palindrome becausc after the capital C is space while before the last ¢ is not a space. Moreover, the first C is a capital
letter while the last ¢ is a lower-case letier. A palindrome in a mathematical sense is “cisabasic™

Palindromes in mathematical sense do not have to have a meaning, for instance the sequence ol letiers
“abbabba™ is a good palindrome. Palindromes are considered mainly in two branches of mathematics: combinatorics on
words and text algorithms, We will study one example of occurrence of palindromes in each of these two branclies,

2.Palindromes in Combinatorics on Words

Combinatorics on words studies propertics of words including their structure and regularities which oceur inside them.
Palindrome is some kind of regularity. Palindromes in Combinatorics on Words occur in several theorems 12]. We will
explain they relation to one of the most basic and important theorems in this branch of mathematics — Fine and Wills
Iheorenn To explain this theorem we have to introduce a few definitions.

A frren is cither 07 or b Lrord I any sequence of letters. for instance “abbabbabb:bba™. The iuber uf
letters in a word w is called the length of wand is denoted by [w]. The i-th letier of a word w is denoted by il We
have w=wlTiwl2L. Wil A period of a word w is a number p such that wlil=wii+p]. for l<isjw-p, 1f p is a period of
w. then wis of the form uuu.uu’ where u=wil]..wlp] and w=wf1]...w[k], for some k<p. It is not difficult 1o see that if
pis aperiod of w, then 2p, 3p and all other multiples of p are periods of w.

Denote by ged(p,q) the greatest munber which divides both p and q. Then the Fine and Wilf Theorem can b
formualated in the following way

Fine and Wilf’s Theorem. Let p and q are two periods of a word w. If p+q-ged(p.q)<w], then ged(p,g) s also a period
ol

Observe here that if ged(p,q} is period of w, then p and g, as multiples of ged(p.q), are also periods of w. For
eed(p.q)~1. the Fine and Wilf Theorem can be formulated in the following way.

Fine and Wilf’s Theorem (case ged(p,q)=1). Let p and q are two periods of a word w. Let ged(p.g)=1. I prg-T1<hwv,

then weonsists only o letiers a or only of letters b.

An interesting question is: what happens if p and q are periods of w. ged(p.q)=1 and [wi=p ~g-22 Docs w has (o
consists only of letters a or only of letters b? The answer is: No. For each p, q such that ged(p,q)=! there is a word w of
length p=q-2 which contains letters a and b and such that p and q are periods of w. This means that there is a sense ol
introducing the following definition. A word wis central if there are numbers p and q such that [w,=p=¢-2 and pand g
are periods of w. Such words are characterized by the following theorem.



Theorem A word wis central if and only if either consists only of letters a, or only of letters b, or wis a palindrome
and w is of the form uabv where u and v are palindromes.

3.Palindromes in Text Algorithms

Uext algorithms are a part of algorithmics which works on words called here texts, Palindromes in Text Algorithms has
been studied in a few contexts of sequential algorithuns [2] and parallel algorithms [1]. We will study ene algorithmic
problem which leads to a very useful data structure for sequential algorithms connected 1o palindromes. We start by
introducing a uselul notation. By w{i..j] we mean the word wlijw{i+1]...w{j]. The problem we are interested in is a basic

LHIC,

Problem: Given a word w. Design a data structure which allows, for a given two positions i and j of the word w. check
whether wi..j] is a palindrome.

An ebvious solution of cur problem is to build a two-dimensional boolean array p[i,jl, for 1<i<j< |w; such that
plijl=true if and only if w[i.j] is a palindrome. Using the array p we can answer the question whether w{i..j] is a
palindrome in constant time. However, this solution has one drawback: the size of a data structure p is quadratic with
respect 1o the length of w so any algorithm which computes this data structure bas to work in at least quadratic time.

A solution proposed by Manacher is more tricky. From this moment we assume that we are interested only in
even palindromes, that is j-i+1 in our preblem is cven. Extension to all palindromes is not difficult task and is left w the
veader.  We compute an array of integers R such that R[i] is the maximal number j such that w|i-j..i+j-1] is a
pulindronie. The size of the array is linear with respect to [w].

R[i] 15 just a radius of a maximal cven palindrome which is centered between positions i-1 and 1 i w. If we want to
check whether wli. j] is an even palindrome we just check whether R[(j+H+1)/2]= (j-i1)/2, that is whether the radjus of
the maximal palindrome centered in the center of w(i..j] is greater than half of the length of wii..j].

The computation of R in quadratic time is a very simple task. We leave it to the reader. Linear time algorithin is not
simple and i requires some reasoning from combinatorics on words. The reader which is interested in it {s cucouraged

to read |2].

Theorem The array R can be computed in linear time.
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